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Abstract
In this paper, we study the complexity of 3D weak visibility. We obtain an O(n8) time and
(n6) space algorithm to compute the weakly visible region of a triangle F from another triangle
G among general scenes, which are a set of n disjoint triangles. We also consider the cases when
the scenes are rectilinear objects and polyhedral terrains. We show that in these special situations
the weakly visible regions can be computed much faster in O(n6) time and O(n4) space. With
these results, we obtain the rst known polynomial time algorithm to decide whether or not a
simple polyhedron is weakly (internally or externally) visible. c© 2000 Elsevier Science B.V.
All rights reserved.
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1. Introduction
In 1981, Avis and Toussaint rst introduced the concept of weak visibility of a
simple polygon [3]. Since then a lot of research has been conducted in this direction
[2, 5, 8, 9, 16, 17]. More recently, some cases of the weak visibility in three dimensions
(3D) has also been studied. In [10], Cole and Sharir considered a series of visibility
problems of polyhedral terrains, which include the weak visibility along a vertical line.
In [4], Bern et al. considered the general weak visibility problem along an arbitrary
line. Both of these two research concern more on computing critical points on the
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line at which the topology of the viewed scene changes. In [21], Plantinga gave an
O(n4 log n) time algorithm to enumerate all visible pairs among given disjoint triangles
in 3D.
Three-dimensional weak visibility has many applications, in practice, especially in
computer vision and computer graphics. An example is the 3D image rendering. Current
rending techniques use radiosity methods to trace lights in order to provide the most
realistic rendering of a scene [11]. In the inner loop of these methods the computation
of form factors is involved. Informally, a form factor is dened as a pair of atomic
triangles as the fraction of one object visible to the other through obstacles in the scene.
The computation of 3D weakly visibility is closely related to the computation of a form
factor. Because of the importance of 3D weak visibility, there has been some work in
computer vision on computing the aspect graph of polyhedral objects and in computer
graphics on computing the global illumination. In fact, the fundamental concept of
EEE events, which is used in this paper, is rst proposed in computing aspect graphs
[14, 15, 22]. In [27], a special case of 3D weak visibility is studied when an area light
source illuminates through a bunch of convex \holes".
In this paper we study the general weak visibility in 3D. Instead of computing critical
points at which the topology of the viewed scene change, we are more interested in
computing the whole weakly visible region. We show that given n disjoint triangles in
3D there is a polynomial (O(n8)) time algorithm to compute the weakly visible region
of a triangle F from a triangle G. It should be noted that this general case contains
polyhedral objects as special cases. Although the time and space complexity for this
general case is really high we show that if the scenes are rectilinear or polyhedral
terrains then the weakly visible regions can be computed much faster. Moreover, no
previous work has been done on the weak visibility for these two important special
cases. With these results, we are able to solve the following problems.
(1) Given a simple polyhedron, the problem of deciding whether it is weakly internally
visible can be solved in O(n10) time.
(2) Given a simple polyhedron, the problem of deciding whether it is weakly externally
visible can be solved in O(n10) time.
(3) Given a polyhedral terrain, the problem of deciding whether k face guards can
collectively guard the whole terrain is in NP. Thus, the problem of computing the
minimum number of face guards of a terrain is NP-complete.
Since all of our algorithms have high-degree polynomial complexity, we do not think
they are applicable in practice. Therefore, these results only have theoretical meaning.
In practice, to treat such a complex algorithm one can compute only the visible parts
which are the most important with respect to a specic application. For example, in
the global illumination algorithm of [28] if it takes too long to compute the visibility
of a certain part, the visibility of that part can be chosen arbitrarily.
The paper is organized as follows, in Section 2 we give some necessary denitions
and then we show how to compute weakly visible regions among dierent scenes, in
Section 3 we use the results in Section 2 to solve the above three problems, and nally
in Section 4 we conclude the paper with some remarks.
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2. Computing weakly visible regions
2.1. Preliminary
We begin by giving some elementary denitions. Given a set of n disjoint triangles
in 3D, a point v of F is said to be weakly visible to another triangle G if there exists a
point u 2 G such that u; v are visible, i.e., the open line segment uv does not intersect
with any triangle. The union of all the points of F which are weakly visible from G
is called the weakly visible region from G. F is weakly visible to G if every v 2 F
is weakly visible to G, in other words, the weakly visible region of F from G is the
whole F . We remark that the concept of weak visibility is slightly dierent from the
standard visibility concept [3].
Now, we follow [14, 15] to give a characterization of the situations when some part
(i.e., some points) of F is weakly visible from G. We are especially interested in a
weakly visible event, which is dened as a continuous set of points t’s on F which
are weakly visible from G and some part of the boundary of the -disk ( could be
arbitrarily small) centered at t is not weakly visible from G. Now, let us consider the
line of sights through these event points on F . Given u 2 G and v 2 F , there are three
situations for the line of sights: (1) uv is determined by a vertex of G and a point on
the boundary e1 of a triangle Fi; (2) uv is determined by a point on the boundary e1
of a triangle Fi and an edge e2 of Fj; and (3) uv is determined by three edges e1; e2; e3
of some triangles Fi; Fj; Fk , respectively. The line of sights of the rst case dene a
series of opaque EV events, which are a set of half-spaces on F . Let e1 = p1 + xa1,
e2 = p2 + ya2 and let e3 = p3 + za3. (Note that pi is one of the endpoints of ei, ai is
the vector along the line through ei and x; y; z are scaling variables.) The direction d
of a line of sights of the third case, which denes a series of opaque EEE events, is
determined by the
d = [(p1 + xa1 − p2) a2] [(p1 + xa1 − p3) a3]:
In other words, the direction of the line of light passing through x; e2 and e3 is the
intersection of the plane through x; e2 (whose norm is (p1+xa1−p2)a2) and the plane
through x; e3 (whose norm is (p1 + xa1 − p3) a3). This implies that d is a quadratic
function of x and the locus of viewpoints of an opaque EEE event is not a plane
but a special quadratic surface such that for any point v0 on the surface there exists
another point u0 with the property that the line through u0 and v0 is also on the surface.
Furthermore, since e1; e2; e3 are line segments instead of lines, the wrapped surface
dened by e1; e2; e3 is a quadratic surface concatenated with two linear surfaces. (The
line of sights of the second case dene a series of opaque EE events, which are special
cases of the opaque EEE events.) It is clear that the intersection of this surface with
F (and symmetrically, G) is a \hyperspace" dened by a piece of quadratic curve
followed with two rays (see Fig. 1, case (1)). Consequently, the weakly visible region
of F from G is the union of all these (linear) half-spaces and (quadratic) hyperspaces.
In the next three subsections, we study the problem of computing weakly visible regions
222 C.A. Wang, B. Zhu / Theoretical Computer Science 234 (2000) 219{232
Fig. 1. The hyperspaces dened by transparent EEE events.
when the scenes are general (i.e., a set of disjoint triangles), terrain, and rectilinear,
respectively.
2.2. General Scenes
In this subsection we consider the situation when the scene is a set of n disjoint
triangles. We mainly discuss the EEE events since EV and EE events can be dealt with
similarly. It should be noted that it is not always the case that three edges dene an
opaque EEE event; furthermore, it seems very dicult to characterize an opaque EEE
event. Consequently we consider a superset of opaque EEE events which we dene
as follows. Suppose that a triple of edges of three triangles are in general position
(i.e., no two edges are coplanar). If we assume that all triangles are transparent, then
three arbitrary edges in general position dene a transparent EEE event. Clearly, since
there are (n3) number of transparent EEE events between F and G, the arrangement
of these (n3) (linear) halfspaces and (quadratic) hyperspaces has a combinatorial
complexity of O(n6) and can be computed in O(n62(n)) time, where (n) is the inverse
of the Ackermann’s function [13]. (We can also view the arrangement as a planar map
induced by a set of O(n3) quadratic arcs and line segments on F . The vertices of the
arrangement are the intersection points of these arcs and line segments, the edges of the
arrangement are the connected components of these arcs and line segments minus the
vertices and the faces of the arrangement are maximal connected regions on F .) From
now on, all the notations of events and lines of sights are in regard with transparent
ones.
As we have just mentioned, the weakly visible region of F from G is dened
by the union of all opaque EV, EE and EEE events. Since we do not have a nice
characterization of an opaque event, we use an algorithm which involves computing all
transparent events. It is clear that a face C in the arrangement of the O(n3) halfspaces
and hyperspaces is either weakly visible or invisible from G. Moreover, C is weakly
visible to G if and only if for every point p 2 C, p is weakly visible to G, in other
words, not all of the lines of sights reaching p are blocked (intersected) by some
triangles. However, since there are an innite number of points in C, this property
C.A. Wang, B. Zhu / Theoretical Computer Science 234 (2000) 219{232 223
does not immediately imply an ecient algorithm. The following lemma makes a
polynomial time algorithm possible.
Lemma 1. A face C in the arrangement is weakly visible to G if and only if for
every vertex v of C; v is weakly visible from G.
Proof. The \only" if part is trivial. If for every vertex v of C, v is weakly visible from
G (i.e., not all the lines of sights reaching v are blocked) and C is still invisible from
G then by denition all the lines of sights reaching some interior point v0 of C must
be blocked by some triangles. Let us consider all lines of sights reaching an (invisible)
interior point v0 of C which is the closest to (and  distance away from) v. They must
all be blocked by some triangles. Since v is the intersection of W1 \ F and W2 \ F ,
where W1; W2 are either wrapped or linear surfaces, and v is weakly visible from G
while v0 is  distance away from v and is not weakly visible from G, the projections of
some edges of these blocking triangles on F must also lie within  distance from v. In
other words, these edges (together with some edges of W1; W2) dene some wrapped
or linear surfaces which intersect with C. This contradicts with the assumption that C
is a face in the arrangement.
Consequently, to decide whether C is weakly visible to G we just need to decide
whether every vertex of C is weakly visible from G, i.e., whether all the lines of sights
reaching each vertex of C are blocked. However, there are an innite number of lines of
sights reaching a vertex of C and again, this does not immediately imply a polynomial
time algorithm. To solve this problem, we reverse the line of sights by considering all
the lines of sights from a vertex v of C to G. For each triangle Fi between F and G
we draw a pyramid cone starting at v and through Fi. Each pyramid cone denes a
triangle Thv; Fii on the plane through G. Consequently, all the lines of sights from G
reaching v are blocked if and only if the union of the triangle Thv; Fii’s contains G. This
latter decision problem is also known as the \3D visibility" problem in [18] and it is
unlikely that it can be solved in o(n2) time at this moment. However, an O(n2) upper
bound can be obtained without too much diculty. In the worst case, it takes (n2)
time and space to compute the union of O(n) triangles [20]. Consequently, it takes
O(n2) time to test whether the union of these O(n) triangles contains G (i.e., whether
v is weakly visible to G). It should be noted that this in fact solves the degenerate case
of the original problem when G is a point, i.e., computing the weakly visible region
from a point to a triangle among n disjoint triangles, in (n2) time and space.
Therefore, testing whether C is weakly visible from G takes O(jCjn2) time and com-
puting the weakly visible region of F from G takes O(n8) time. (The time bound can
be improved to O(n7 log log n) if all the the triangle Thv; Fii’s are fat [20].) Therefore,
we have
Theorem 2. Given a set of n disjoint triangles in 3D, the weakly visible region of a
triangle F from another triangle G can be computed in O(n8) time and (n6) space.
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Fig. 2. The combinatorial complexity of the weakly visible region between two triangles among a general
scene is (n6).
Proof. The time bound follows directly from the above discussions. Constructing the
arrangement of the hyperspaces takes O(n62(n)) time and O(n6) space. For each vertex
v of each face C in the arrangement it takes O(n2) time to decide whether all the lines
of sights reaching v are blocked. Therefore, the weakly visible region of F from G
can be computed in O(n8) time and (n6) space. The optimality of the space bound
is obtained through an example which is given below.
The following example shows that the weakly visible region can have 
(n6) number
of vertices. First, we erect two parallel, vertical walls F;G which intersect both XZ-
and YZ-planes at an angle of =4. Second, we erect two vertical walls F 001 ; F 002 parallel
to the XZ- and YZ-planes, respectively such that they almost touch each other (Fig.
2). Then we erect two vertical walls F 01; F1 which are parallel to F
00
1 and two vertical
walls F 02; F2 which are parallel to F
00
2 , respectively. Finally, we construct n vertical
cusp’s on F1. On F 01 we construct n cusps C
0
j (16j6n) from left to right such that
the two long edges of a cusp have a degree of 0j (16j6n) with the YZ-plane and,




j+1 for 16j6n− 1. Similarly, on F 001 we
construct n cusps C00k ’s such that they have the same properties as those of C
0
j’s. The
lengths of the cusps can be made very large while the width of the cusps on the three
levels, i.e., the distance between the leftmost and rightmost cusp, can be made very
small with respect the lengths of the cusps. Therefore, a triple of cusps, Ci of F1, C0j




1 , for any 16i; j; k6n, determine a vertical weakly visible strip
from G to F (Fig. 3). In this example there are (n3) disjoint vertical weakly visible
strips, which are all very long. Symmetrically, we construct horizontal cusps on F2; F 02
and F 002 so that they determine (n
3) disjoint horizontal weakly visible strips from
G to F . Clearly, the union of these vertical and horizontal strips has a combinatorial
complexity of 
(n6).
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Fig. 3. A vertical weakly visible stripe.
2.3. Terrains
A polyhedral terrain (terrain) T is a continuous, piecewise linear function dened
over x; y. In other words, it is a connected polyhedral surface in 3D such that any
vertical line intersects it at most once and the orthogonal projection of a terrain on the
XY -plane is a bounded planar subdivision. A triangulated terrain T is a terrain such
that the orthogonal projection of T on the XY -plane is a planar triangulation. Polyhedral
terrains have found applications in geographical information systems, spatial databases,
computer graphics and computational geometry [1, 6, 7, 10, 12, 19, 23, 24, 26, 29, 30].
In this section we consider the special case when the scene is a polyhedral terrain.
In other words, we want to compute the weakly visible region between two faces F
and G of a given polyhedral terrain. It turns out that given a general terrain T , if
there is no other constraint about visibility then the weakly visible region between two
faces F and G could also have a combinatorial complexity of 
(n6). We can simply
modify the example of Fig. 1 by making the vertical faces Fi; F 0i ; F
00
1 (16i62) slanted
at a very small amount. The reason is that if the scene is a general terrain T and
there is no restriction on visibility then a line of sights could be beneath some faces
of T . However, the standard denition of visibility regarding terrains does not allow
any line of sights beneath T . In other words, two points a; b on T are said to be
visible if the line segment ab does not intersect any point strictly below T . Under this
visibility model, we show that the weakly visible region between two faces can be
computed in O(n6) time and O(n4) space, which is signicantly lower than the general
case. If the scene is a triangulated terrain then clearly there could not be any line of
sights beneath the terrain and the result holds without any restriction on visibility. From
now on, unless otherwise specied, when we talk about visibility regarding terrains we
assume that no line of sights could be beneath the terrain. We rst show the following
lemma.
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Lemma 3. Let F;G be two faces of a terrain. The weakly visible region of F from
G is the same as the weakly visible region of F from the boundary edges of G.
Proof. Let x be any point in the weakly visible region of F from G. Furthermore, let
ux be a line of sights (above T ) from G to F where u 2 G. Erect a vertical plane
H through ux. Let the highest intersection of H and G be u0. By the denition of a
terrain no other part of T is above the segment ux hence 4uxu0 is empty. Clearly, u0x
is also a line of sights and u0 lies on the boundary of G.
With this lemma, we can see that in general no EEE event exists when the scene
is a terrain (except when one of the three edges dening an EEE event is an edge of
G). Therefore, we only need to consider the EE events, whose number clearly has a
combinatorial complexity of (n2). However, we must make sure that any EE event,
which dene a hyperspace on F , do not allow line of sights beneath the terrain.
We rst label the local visibility property of a hyperspace dened by a transparent
EE events, i.e., we make the two triangles containing the corresponding two edges
opaque and keep all other triangles transparent. This can be done in constant time
with respect to the two triangles containing the two edges. The side of the hyperspace
which is not blocked by the two triangles is labeled positive (locally visible); similarly,
the side of the hyperspace which is blocked by the two triangles is labeled negative
(locally invisible). It should be noted that a line of sights of a hyperspace labeled
negative is always beneath the terrain and always intersects the terrain. Therefore, we
only need to deal with line of sights of locally visible hyperspaces.
We continue with more denitions. A legal hyperspace on F (from G) is a locally
visible hyperspace such that any line of sights reaching it is legal, i.e., is above T . An
illegal line of sights is said to be restricted by an edge of the terrain if it touches that
edge and any movement of the (illegal) line of sights by a small amount of  along
the +Z direction will make it blocked by some triangles. Clearly, under our model
of visibility we do not need to consider any illegal hyperspace. The following lemma
shows the special structure of a legal hyperspace.
Lemma 4. If a hyperspace S on F is legal then there exists a plane H which is
parallel to the Z-axis and H cuts S into two innite pieces which are both labeled
positive in the +Z direction (see Fig. 4, case (1)).
Proof. Suppose it is not the case, then we know that at least one of the two rays of
S, which results from one of the two edges dening the hyperspace and a vertex u of
G, restricts line of sights ux, where x is an arbitrary point of the upper ray of S (see
Fig. 4, cases (2) and (3)). We claim that ux’s are all illegal, because if they were legal
then following Lemma 3 all ux0’s, where x0 is an arbitrary point on the intersection of
F and the vertical plane H through ux, would be all legal. This contradicts the fact
that ux is restricted.
C.A. Wang, B. Zhu / Theoretical Computer Science 234 (2000) 219{232 227
Fig. 4. Legal and illegal hyperspaces among a terrain.
With the above lemma, we can identify and discard all illegal hyperspaces. There
are still O(n2) legal hyperspaces and O(n2) locally invisible hyperspaces left, the ar-
rangement of these hyperspaces clearly has a combinatorial complexity of O(n4). Now,
we simply run the algorithm in Theorem 2 to compute the weakly visible region from
G to F . The result is summarized by the following theorem.
Theorem 5. Given a polyhedral terrain; the weakly visible region of a face F from
another face G can be computed in O(n6) time and O(n4) space.
It should be noted that if the terrain is a triangulated terrain then there is no illegal
hyperspace and we do not need to spend any time identifying illegal hyperspaces. The
total complexity for computing the weakly visible region is the same as that for a
general terrain.
2.4. Rectilinear scenes
In this section we consider the case when the scene is rectilinear. A line segment in
3D is called rectilinear if it is perpendicular to either the XY -, XZ- or the YZ-plane. A
polyhedral object A is called rectilinear if every edge of A is rectilinear. A Manhattan
terrain M with n vertices is a connected 3D rectilinear polyhedral surface such that
the intersection of any vertical line with M is either empty, a point, or a vertical line
segment. We show that among a rectilinear scene, the weakly visible region between
two faces F and G of the given scene can be computed with an O(n6) time and (n4)
space algorithm, which is again signicantly lower than the general case. The reason in
this case is simple: we do not have any EEE event. In fact, assume e1 are horizontal
and e2; e3 are vertical, all with respect to F , then there is a line of sights touches
e2, e3 and a point x on e1 if and only if x; e2; e3 are coplanar. This line of sights is
contained in the EE events determined by e1; e2 and e1; e3. Consequently, we need only
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Fig. 5. The combinatorial complexity of the weakly visible region between two faces among rectilinear
scenes is (n4).
to consider the O(n2) EE and EV events. The algorithm can be obtained by mimicking
that we obtain in Theorem 2.
Theorem 6. Given a set of n disjoint rectilinear faces in 3D, the weakly visible region
of a face F from another face G can be computed in O(n6) time and (n4) space.
We give below an example which shows that the weakly visible region of F from
G has a combinatorial complexity of 
(n4), even if F;G are the faces of a Manhattan
terrain and there is no restriction on the line of sights. 3 First, we erect two vertical
walls F;G which are parallel to the YZ-plane. Second, we erect two sets of Manhattan
terrains F1; F 01 and F2; F
0
2 such that the cusps on them are parallel to the XZ- and
YZ-plane, respectively (Fig. 5). The cusps are all made very narrow so that a pair of
cusps, Ci of F1 and C0j of F
0
1, determine a vertical weakly visible strip from G to F .
Therefore, there are O(n2) disjoint vertical weakly visible strips. Symmetrically, we
construct horizontal cusps on F2; F 02 such that they determine O(n
2) disjoint horizontal
weakly visible strips from G to F . Clearly, the union of these vertical and horizontal
strips has combinatorial complexity of 
(n4).
3. Applications
In this section, we show how to apply Theorems 2 and 5 to solve some theoretical
problems which have no known solutions before this writing. The rst problem is
to decide whether a simple polyhedron is weakly internally visible. Although the 2D
problem is well solved [3, 25], nothing is known about the 3D version of the problem.
This is possibly due to the fact that there is no previous result characterizing 3D weak
3 If every line of sights has to be legal, then the results is the same as Theorem 5.
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visibility. The second problem is to decide whether a simple polyhedron is weakly
externally visible. The corresponding 2D problem is also well solved [5]. The third
problem is to decide the computational complexity of deciding whether k face guards
on a terrain can guard the whole terrain, which generalizes the previous results of
vertex and edge guards on terrains [10, 29].
3.1. Determining if a polyhedron is weakly internally visible
In [3] an O(n2) time algorithm is given to decide whether or not a simple polygon is
weakly internally visible from one of its edges. This bound is improved to linear later
by Sack and Suri [25]. A question arises naturally: how fast can one test whether or
not a 3D simple polyhedron is weakly visible from one of its faces? Up to this writing
no algorithm is known to answer this question. With our algorithm this question can
be answered in O(n10) time. This is known as the rst polynomial algorithm to solve
this problem. What we do is to x a face G of the given polyhedron P and compute
from G all the weakly visible regions of all the non-adjacent faces of G. If there is a
face which is not weakly visible from G then P is not weakly visible from G. This
clearly takes O(n n8) = O(n9) time. There are O(n) candidate faces hence the whole
algorithm takes O(n10) time. Therefore, we have the following result.
Corollary 7. Given a simple polyhedron with n vertices; we can decide if it is weakly
internally visible in O(n10) time and O(n6) space. If the answer is positive we can
return all the faces from which the polyhedron is weakly internally visible within the
same time.
Another version of the 3D weak visibility problem is to decide whether a simple
polyhedron is weakly internally visible from one of it’s edges. Similar to the above
algorithm, we can obtain an O(n8) algorithm to solve this problem.
3.2. Determining if a polyhedron is weakly externally visible
In [5] a linear time algorithm is given to compute a (shortest) line segment from
which a simple polygon is weakly externally visible. Here, we are interested in com-
puting a triangle from which a 3D simple polyhedron is weakly externally visible.
We show that this question can also be solved in O(n10) time. We rst compute an
enclosing tetrahedron T1 of P and then we show the following lemma.
Lemma 8. P is weakly externally visible if and only if it is weakly externally visible
from at most three faces of T1.
Proof. If P is weakly externally visible then there exists a triangle T in space such
that P is weakly externally visible from this triangle. We translate the plane through
T until it hits T1 to obtain a tangent plane T0. It is clear that T0 touches at most
three triangles of T and, moreover, these triangles collectively guard the exterior of P
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since any line of sights between P and T goes through T0 and goes through these
triangles of T1.
If P is weakly externally visible from at most three faces of T1 then we compute
a plane tangent to these faces of T1 and clearly P is weakly externally visible to this
plane. The reason is the same as above: any line of sights between P these faces of
T1 goes through this tangent plane.
With the above lemma, it is easy to obtain an algorithm to test whether P is weakly
externally visible. After obtaining the enclosing tetrahedron, we simple test whether P
is weakly externally visible by one, two or three faces of T1. The time bound is clearly
O(n10).
Theorem 9. Given a simple polyhedron with n vertices; we can decide if it is weakly
externally visible in O(n10) time and O(n6) space.
3.3. Face guarding a polyhedral terrain
In 1989 Cole and Sharir showed that the problem of computing the minimum number
of vertex guards to guard a polyhedral terrain is NP-complete [10]. By modifying Cole
and Sharir’s proof Zhu showed that the problem of computing the minimum number
of edge guards is also NP-complete [29]. Since a polyhedral terrain is a special object
in 3D, it is natural to consider yet another class of guards { the face guards. It is
not dicult to prove, again by modifying Cole and Sharir’s proof, that computing the
minimum number of face guards is NP-hard. However, it is not straightforward that this
problem belongs to NP. With our algorithm of computing weakly visible region, given
k = O(n) face guards we can decide in O(n9) time if an arbitrary face of the terrain
are covered by the k face guards. The algorithm is similar to that in Theorem 2 except
that we have the arrangement of O(kn2) = O(n3) hyperspace which is of combinatorial
complexity of O(n6). Computing the weakly visible region from all the k face guards
to that face takes O(n6 n2 k) = O(n9) time. In total, whether the whole terrain can
be guarded by the k given face guards can be decided in O(n  n9) = O(n10) time.
Consequent this decision problem, i.e., whether k face guards (light sources) can guard
(illuminate) the whole terrain, belongs to NP hence the problem is NP-complete.
Corollary 10. The problem of computing the minimum number of face guards of a
polyhedral terrain is NP-complete.
4. Concluding remarks
In this paper, we present the rst known polynomial time algorithm to compute the
weakly visible regions in 3D among dierent scenes. The results are summarized in
Table 1.
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Table 1
General Scenes Rectilinear Scenes Terrains
Space bounds (n6) (n4) O(n4)
Time bounds O(n8) O(n6) O(n6)
With these results we obtain the rst polynomial time algorithms to determine
whether or not a simple polyhedron is weakly internally (externally) visible. With
these results, we also show that the problem of computing the minimum face guards
of a polyhedral terrain belongs to NP and hence is NP-complete.
One of the most outstanding open problems related to this paper is whether we
could compute the weakly visible regions via opaque events. Although the number of
opaque events is the same order as that of transparent events in the worst case, in
practice, the former is much smaller. In [27], Teller did characterize opaque events for
a special case of the problem; however, for our general problem Teller’s method, i.e.,
the Plueker coordinates representation of lines, might not work. The other interesting
problem is to reduce the gaps between the time and space complexity in computing
the weakly visible regions in this paper.
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